As modern hydrodynamic codes increase in sophistication, the availability of realistic test problems becomes increasingly important, but their very nature is usually unrealistic because they must be simple enough to be understood without computer aid. In gas dynamics, one such unrealistic aspect of most test problems is the ideal gas assumption, which is unsuited for many real applications, especially those involving flows in solid materials. Our work considers the collapsing cavity and the converging shock test problems, and shows to what extent the ideal gas assumption can be removed from their specification. It is found that while most materials simply do not admit simple (i.e. scaling) solutions in this context, there are infinitedimensional families of materials which do admit such solutions. Such materials are characterized, the appropriate ordinary differential equations are derived, and the associated nonlinear eigenvalue problem is analyzed. It is shown that there is an inherent tension between boundedness of the solution, boundedness of its derivatives, and jump stability. The special case of a constant-speed cavity collapse is considered and found to be heuristically possible, contrary to common intuition.
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I. INTRODUCTION
Modern production codes for simulating hydrodynamics ("hydrocodes") are extremely complex, and testing the accuracy of their predictions is increasingly receiving attention. At present, there is no comprehensive methodology for verifying that a code is solving its equations as intended. [1] [2] [3] This gap in understanding is relevant to the end users of a code, who must make decisions based on the code's output and justify those decisions to broader communities. There are a few well-understood methods to increase confidence in simulation outcomes, such as convergence studies, comparison to experimental data, and comparison to known solutions.
One particular challenge faced by the scientists engaged in hydrocode research, development, and application is that the flows being modelled deviate substantially from the ideal gas law commonly considered in similarity analysis, so that most known exact solutions are limited in their usefulness. Indeed, it is often necessary to accurately predict the compressible flow of diverse materials, including metals, granular materials, alloys, and plasmas, to name a few. Thus, there is a need to introduce new, challenging problems that test the behavior of the code in non-ideal settings. In the present work, we focus on scaling solutions, which assume a scaling relationship between the variables considered, thus reducing the dimensionality of the problem and allowing for analytical treatment of the flow. The chief obstacle to extending scaling solutions to non-ideal flow is that as soon as more realistic levels of complexity are incorporated into the models, there will generally be no similarity solutions at all because of multiple characteristic scales that interfere with ideal self-similarity.
Recently, there have been several successful attempts at extending existing exact solutions involving shock waves to non-ideal settings. Some authors have skirted the barriers by working on relatively simple initial conditions, such as those in the Riemann or Noh problems. [4] [5] [6] Others have worked on more complex flows that exist for special classes of non-ideal materials 7, 8 or even just a single material.
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Simply imposing spherical rather than planar symmetry on a flow creates major restrictions on the class of materials for which a tractable solution exists.
13,14
Other ways to increase the realism of solutions include considering finite-strength shocks 15, 16 or the effect of perturbations.
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In this paper, we present a new class of exact scaling solutions that generalizes the classical collapsing cavity and Guderley converging shock solutions from the ideal gas case to a more general setting. Furthermore, we show that our result is sharp in the sense that there are no other materials which will accommodate a scaling solution to these problems. Existence of a solution even in these restricted cases is not trivial, since it depends on the solution of a nonlinear eigenvalue problem. In the case of the Guderley problem, this result agrees with the one in,
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but in the collapsing cavity case, our result appears to be new with respect to its generality combined with the relatively sophisticated flow.
II. BACKGROUND A. Problem Description and Previous Work
The classical Guderley problem considers an infinitely strong cylindrically or spherically symmetric shock which converges into uniform, undisturbed material, focuses at the origin, and then reflects back into the once-shocked material.
This problem has been solved in a number of settings, including ideal gas, [18] [19] [20] dusty gas, 21 non-constant density profile, 22-24 finite-strength shocks, 25-28 radiating gasses, 29 and a generalized class of materials. 17, 30 The latter work also classified all the materials for which a solution to the problem can exist, and provided some existence and nonexistence results (they found that the set of materials for which a semi-analytic solution can exist is non-empty but restricted). Some current work is aimed at estimating the extent to which real materials deviate from the class which admits self-similar solutions. [31] [32] [33] The stability of some of these solutions has also been analyzed.
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The collapsing cavity problem considers a spherically or cylindrically symmetric flow into a vacuum. Thus, it is the same as the Guderley problem except that the pre-shock mass density is taken to be zero. (To avoid ambiguity, we will use the word "jump" to describe both the Guderley shock wave and the material front in the cavity problem.) Some significant treatments of this problem include an early study by 
B. Governing Equations and Assumptions
The setting for the collapsing cavity and Guderley problems is a compressible, inviscid, adiabatic fluid. We also assume perfect spherical or cylindrical symmetry.
The governing partial differential equations (PDEs) for such a flow are
where ρ, u, and p are the density, velocity, and pressure, respectively, and k = 1, 2 is a parameter denoting cylindrical or spherical symmetry, respectively (see Landau and Lifschitz, Courant and Friedrichs, or Zel'dovich and Raizer [43] [44] [45] for derivations). The first two equations arise from conservation of mass and momentum, and the third is energy conservation, assuming the material derivative of the en-tropy S is zero. The latter assumption is not true at discontinuities; these will be handled using more general jump conditions. The material-specific properties of the flow are encoded by K S = K S (p, ρ), which is the adiabatic bulk modulus, defined as
where c is the local speed of sound.
Equations (1) to (3) govern only smooth flows. Since we are considering shock or other discontinuous solutions, it suffices to make explicit exception for isolated discontinuities and require smoothness elsewhere. The corresponding jump conditions (in a zero pre-jump velocity frame) are (see, for example, Zel'dovich and
where the subscripts 0 and 1 denote pre-and post-jump conditions, respectively, u s is the jump velocity, and e is the specific internal energy, which can be obtained from
which is derived in e.g. Axford.
8 A constant of integration arising from this construction depends only on the isentrope, and is set to zero.
In addition to the jump conditions, we also impose a stability condition, which requires that the jump approaches the pre-jump region supersonically, but is subsonic from the perspective of the post-jump particles. This condition can be derived from either of two assumptions:
• Thermodynamic stability i.e., ∂p ∂ρ S > 0, where S denotes entropy. This assumption usually holds away from phase transitions.
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• Perturbative stability or evolutionary stability asserts that the jump is stable under perturbations by acoustic waves.
11,46
While there are materials which violate this criterion and yet exhibit (for example) stable shocks, we will not consider them here since the nature of such flows is very different from our conception of the collapsing cavity and Guderley problems.
III. SIMILARITY ANALYSIS
As stated in the introduction, we will be focusing on scaling solutions to the governing equations. In general, these are solutions of the form
Such solutions are called self-similar because, given the solution at some time t = t 1 , the solution at any other time t = t 2 can be obtained by simply scaling the variables according to Eqs. (8) to (11) . Other types of similarity solutions are defined analogously except that the solutions at distinct times are related to each other by transformations other than scaling laws.
The self-similar nature of these solutions can also be represented as invariance of Eqs. (1) to (3) under a group of point transformations generated by the vector field
where the constants c i are the same as in Eqs. (8) to (11) . The equivalence between Eqs. (8) to (11) (8) to (11), the reader not initiated into group invariance analysis can take the equivalence as a definition of χ for the purposes of this paper.
The essential utility of scale invariance in our context is that it makes a problem one-dimensional in a sense, since the value of the solution at all points in space is needed at only a single time in order to understand the whole evolution. 
Here, p 0 is a reference pressure. As suggested by the vector notation, linear combinations of the group generators will yield new symmetries. Thus, the most general symmetry we will consider is
where a 1 , a 2 , and a 3 are constants. For a 1 = 0 (see Appendix A), Eq. (16) may be reduced to
where α = a 3 /a 1 and β = a 2 /a 1 (note that any scalar multiple of χ yields the same reduction to similarity variables, which is why we can normalize a 1 = 1).
Eq. (17) represents the maximal scaling group generator admitted by Eqs. (1) to (3), provided that K S also satisfies the PDE
The parameters α and β appearing in Eq. (17) requires that there be no scaling on density, in order to maintain the initial condition of a constant pre-shock density field. On the other hand, the collapsing cavity problem provides no such restriction, given that the pre-jump density is taken to be identically zero. Some relevant cases including the aforementioned are summarized in Table I . Given these considerations, we have the following. Proposition 1. The scaling solutions of the collapsing cavity and Guderley converging shock problems are invariant under the operator Eq. (17) and satisfy the restrictions given in Table I . As will be seen later, those solutions which do exist satisfy a non-linear eigenvalue problem. Table I may be interpreted as follows: the three scaling groups in Eqs. (13) to (15) represent three independent ways to reduce the number of variables in the problem. Normalizing to a 1 = 1 above used up one (redundant) degree of freedom.
It will be seen later that one of the two remaining degrees of freedom is needed for the solution of a nonlinear eigenvalue problem, so only one degree of symmetry remains to be spent.
One place where the symmetry can be broken is in the form of K S , since heuristically, we lose one degree of scaling for each dimensional parameter appearing in it (since dimensional parameters induce characteristic scales, thus removing scale freedom). The units of K S are the same as those of pressure, so that the ideal gas law, for instance, does not require the introduction of any dimensional parameters.
In contrast, the second and third rows of Table I need a dimensional parameter so that the argument of f can be rendered dimensionless. The first row needs two dimensional parameters to cancel the dimensions of its arguments, which is why it has comparatively little symmetry.
The other way that scale invariance is lost is through initial or boundary conditions, which can also contain dimensional parameters. This is not relevant to the cavity problem, but the constant pre-shock density condition in the Guderley problem does restrict us to symmetries in which there is no density scaling. One would think that this would make the Guderley problem impossible to solve in the case where K S also has a dimensional parameter, but there is one important case of interest, namely that in which the dimensional constants arising from the boundary condition and bulk modulus are of the same kind, which is exactly the case considered in the third row of Table I . Other than that (and the fourth row, which is a special case of the third), there are indeed too many degrees of freedom used up, and the Guderley problem cannot be solved by similarity methods in these cases.
To summarize, the similarity variables associated with Eq. (17) are given by
and in assuming these similarity forms, Eqs. (1) to (3) reduce to
where f = K S /p.
B. Jump Conditions
While Ovsiannikov 53 and Boyd et al. 54 conduct an analysis that is restricted to the case of smooth solutions of Eqs. (1) to (3), it turns out that in practice, the jump conditions usually have the same similarity behavior as the associated PDEs. This is also true in our particular case, although some remarks are needed to justify it.
In the case of a collapsing cavity, Eqs. (4) to (6) reduce to
which yields u = u s and p = 0 as the post-jump conditions. There are no restrictions on the post-jump density, except those imposed by the scaling assumption.
In the case of the Guderley problem, the presence of the energy terms complicates matters somewhat, and we cannot fully compute the post-jump conditions without knowing more about the explicit form of K S . Nevertheless, we can confirm that Eqs. (4) to (6) are invariant under the scaling induced by χ. To see how e scales, we consider Eq. (7) and apply Eqs. (19) to (22), yielding
Therefore, we find that E = t −2α e is a function ξ alone. With this fact in hand, one easily substitutes Eqs. (20) to (22) into Eqs. (4) to (6), replacing e with t −2α E, and finds
i.e. that the jump conditions reduce to a statement in terms of our similarity variables. This means that while we cannot solve the jump conditions for completely unspecified K S , they are at least well-defined in the similarity space. The main use of the jump conditions in our analysis is simply to provide an initial condition for the integration of Eqs. (23) to (25), so well-definedness is sufficient for our purposes.
IV. ANALYSIS OF ODES
Starting from Eqs. (23) to (25), can isolate the derivatives. To do this, we observe that Eqs. (23) to (25) are linear in the derivatives, so we can write the equivalent matrix equation
where X = (α + 1)ξ + V is the group velocity in the reference frame of the particle at ξ. Inverting the matrix then yields
where XQ = (β + 2α) Π − k V ξ Πf and RC 2 = Πf (ΠR −λ ) gives the scaled sound speed. This can be equivalently expressed as
We now consider the existence of solutions to Eq. (35) . 55 For the sake of physical realism, we will only consider bounded, global, smooth solutions. An obvious threat to the existence of such solutions is the possible vanishing of the denominator, and it turns out that such vanishing will always occur. To prove this, assume a suitable solution exists. We will show the existence of two points, at one of which the denominator acquires a positive value and at the other of which it takes a negative value. The intermediate value theorem then implies that the denominator vanishes somewhere between those two points.
The first point is one very far from the origin. As ξ → ∞, X → ∞, since V is assumed bounded. By the same assumption, C stays bounded as well. So, far from the origin, the denominator in Eq. (35) is positive.
The second point is immediately behind the jump. Stability (see Sec. II B)
implies that at this point the jump will propagate with a velocity less than the sound speed c, in a frame of reference where the particles are stationary, i.e.
|u s − u| < |c|.
From the developments of subsection III B, the jump stays at a fixed ξ coordinate,
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ξ s . Thus we write r s = ξ s |t| α+1 . Therefore,
This, together with Eq. (36) becomes
i.e. |X| < C at ξ = ξ s . The denominator in Eq. (35) 
whenever X 2 = C 2 . This problem has been treated in the ideal gas case with β = 0 in works by Lazarus 38 and Chisnell, 20 but their approach relies too heavily on the ideal gas structure to generalize in a straightforward manner. Instead, we provide a heuristic argument. Equation (39) is a single constraint with two free parameters, α and β. There may also be additional constraints detailed in Table I . By simply counting variables and constraints, one expects there to be no solution except for those cases where Table I imposes at most one constraint on α and β. In particular,
for the cavity problem, we expect solutions to exist in the cases corresponding to the last three rows of Table I , and in the case of the converging shock, we expect solutions in the cases corresponding to the last two rows of Table I. A very special case is that of an ideal gas collapsing cavity, where there are no constraints except for Eq. (39) . This leads us to believe that the ideal gas cavity problem may have a one-parameter family of solutions for each choice of γ. Despite this possibility, we have found no such solutions treated in the literature explicitly.
One of the most notable and complete studies on the ideal gas collapsing cavity problem is, 38 but in that work, the author imposes an additional condition on the entropy of the flow, which introduces another constraint.
As another notable special case, the non-existence of solutions when α = 0, β = 0 was rigorously proven in, 17 which is notable considering that it is the only case which applies to all choices of K S , and it definitively rules out the existence of solutions for many materials.
Finally, a third special case worth mentioning is when α = 0 but β is nonzero.
Any solutions in this case would yield a constant-velocity jump The result in 17 says nothing about this case, and constraint counting leads one to believe that solutions could exist in an ideal gas cavity problem.
V. CONCLUSION
We have developed a comprehensive classification of those values of K S which enable exact scaling solutions to the Guderley and collapsing cavity problems.
These correspond to classes of (generally non-ideal) materials for which exact hydrodynamic scaling is expected to occur, at least in a certain physical regime.
There are eight qualitatively-different cases, which are summarized in Table I . We found that, while scaling solutions are not expected to exist for an arbitrarilychosen bulk modulus, there is an infinite-dimensional family of bulk moduli for which scaling will occur, thus showing that such phenomena are not limited to the ideal gas case, as is commonly supposed. We also showed that some of the features of the corresponding ideal gas problems are common to all such problems, including the basic form of the resulting ODEs, the need to search for a nonlinear eigenvalue, and the tension between bounded state variables, bounded derivatives, and jump stability. This tension is at the root of the need for non-linear eigenvalue analysis. We have also found that in the ideal gas case, there are likely more solutions than were previously analyzed. A corollary of this is that there ought to exist solutions to the collapsing cavity problem in an ideal gas which exhibit constant jump velocity. Overall, we have found a richer class of scaling solutions to the compressible flow equations than is normally expected to exist, together with theoretical results showing that these are, in a sense, all the solutions that can be expected to exist.
A. THE CASE a 1 = 0
In Eq. (16), we assumed a 1 = 0, so we now briefly consider the opposite case.
Then, if a 3 = 0, we get the similarity variables t = t u = rV (t) ρ = r a 2 /a 3 R(t) p − p 0 = r 2 Π(t).
Since such a choice of variables will not admit a solution of the kind we are seeking (for example, the velocity is linear in space and therefore cannot be zero before the jump), we can safely dismiss this case. Alternatively, when a 3 = 0, there is no scaling at all on r or t, so that a reduction to ODEs does not occur. Therefore, we may reject this case as well and move on to the cases where a 1 = 0.
B. A "CONSERVATION" FORM OF THE ODES
It is worth noting that Eq. (35) can be reformulated as
The first equation is clearly a statement regarding a momentum flux, while the last two may have an interpretation in terms of energy conservation. A potentially fruitful avenue of future research may include connecting the structure of these relations to the preceding statements regarding boundedness and stability.
